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Recent advances in microwave shielding have increased the stability and control of large numbers of
polar molecules, allowing for the first realization of a molecular Bose-Einstein condensate. Remarkably,
it was also recently realized that shielded polar molecules exhibit an SUðNÞ symmetry among their
hyperfine states, opening the door to SUðNÞ systems with larger N, bosonic particle statistics, and tunable
interactions—both repulsive and attractive. Motivated by these results, we have studied the SU(3) attractive
Fermi-Hubbard model (FHM) on a square lattice. Using the determinant quantum Monte Carlo (DQMC)
method, we explore the finite temperature phase diagram and provide evidence for three distinct regions—a
three-component Fermi liquid (FL) region, a “trion” liquid (TL) region, and an ordered charge density wave
(CDW) phase. The CDW phase is stable at finite temperature [in contrast to the SU(2) CDW], while the FL
to TL crossover appears to point to a quantum phase transition at zero temperature. Our method extends
straightforwardly to larger N and is sign problem free for even values of N. With these results, we
demonstrate the potential physics enabled by using polar molecules as a quantum simulation platform for
the attractive SUðNÞ FHM.
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Introduction—The last few decades have seen a resur-
gence of interest in SUðNÞ-symmetric extensions of inter-
acting fermion lattice models, such as the t-J model,
Heisenberg model, and Fermi-Hubbard model (FHM)
[1–3]. These SUðNÞ models have been studied to approxi-
mate ultracold atoms with several hyperfine states [4,5],
where the SUðNÞ symmetry was seen more as a loose
approximation. Then, the discovery of a precise SUðNÞ
symmetry in the nuclear spin of alkaline-earth atoms
(AEAs) [6–9] sparked detailed theoretical and numerical
work to study phases and the equation of state in these newly
accessible models. In recent years, multiple groups have
experimentally realized SUðNÞ lattice models [10–14], and
many numerical methods and theoretical approaches have
been developed to study them [15–27].
However, with these AEAs come inherent limitations.

Most relevant to the present Letter, interactions between
AEAs cannot be controlled by a magnetic Feshbach
resonance and so are always repulsive (i.e., have a positive
s-wave scattering length). The attractive case has been
studied using other atoms—such as three hyperfine levels
of 6Li [28]—but tuning the interactions to the SU(3)-
symmetric point has been a persistent challenge. So, while
the attractive SUðNÞ FHM has been studied as a toy model
of a wide array of phenomena—from baryon formation in

QCD [29,30] to charge-4e superconductivity [31–34]—
there has not been an experimental platform to realize this
model, and theoretical investigations have mainly focused
on the repulsive case.
Additionally, attractive SUðNÞmodels are a natural stage

for studying many-body bound states. In the continuum, the
formation of three-particle “trions” has been studied along
with the infinite ladder of Efimov states [35–37]. In lattice
systems, few-body exact diagonalization has shown the
existence of both on site and off site trions and studied the
critical interaction strength for trion formation in one and
two dimensions [38]. The attractive SUðNÞ FHM offers an
opportunity to study how the formation of composite
particles affects the many-body physics of a system.
Early mean field theory and renormalization group (RG)
work focused on a quantum phase transition (QPT) from a
trion phase to a many-body generalization of a Bardeen-
Cooper-Schrieffer (BCS) state called a “color superfluid”
(CSF) [4,5,29,39]. There are many open questions con-
cerning the finite temperature behavior of these phases and
other ordered phases for the attractive SUðNÞ FHM,
especially in two dimensions.
Recently, it has become clear that ultracold molecule

experiments employing electromagnetic shielding tech-
niques provide an exciting new SUðNÞ system, which
may be able to experimentally realize the attractive SUðNÞ
FHM. Cooling molecules down to degenerate quantum
gases has historically been challenging due to large*Contact author: jds28@rice.edu
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two-body loss rates that impair evaporative cooling. Static
electric field shielding has enabled the cooling of a
degenerate Fermi gas of molecules [40], and more recently
microwave shielding [41] has enabled even further cooling
below the Fermi temperature [42] and the first observation
of a dipolar molecular BEC [43]. Importantly for our
purposes, this microwave shielding causes an effective
SUðNÞ symmetry [44,45]. The interaction strength can be
tuned across a wide range and can be either repulsive or
attractive. So, amid the many proposals for using shielded
dipolar molecules to study new physics [46], we believe
these molecules will be useful for answering long-held
questions about the attractive SUðNÞ FHM.
In this Letter, we employ a determinant quantum

Monte Carlo (DQMC) method designed for the attractive
SUðNÞ FHM to explore the phase diagram of theN ¼ 3 case
on a square lattice. We find evidence of two distinct phase
transitions—a “trion formation” QPT and an “ordering”
transition into a charge density wave (CDW) phase, which
persists to finite temperature. We present evidence for these
two transitions and develop approximations that are valid
deepwithin the different phases.We also compare our results
to previous theoretical work on the zero-temperature phase
diagram of this model and discuss the viability of observing
these phases in an ultracold molecule experiment.
Model and numerical methods—The attractive, SU(3)-

symmetric FHM is given by the Hamiltonian,

H ¼ −t
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where c†iσ; ciσ are the creation and annihilation operators for
a molecule in spin state σ on lattice site i, niσ ¼ c†iσciσ, hi; ji
denotes a sum over nearest-neighbor pairs, t is the tunnel-
ing energy, U is the on site attraction, μ is the chemical
potential, K is the kinetic energy operator, and V is the
potential energy operator. Since we study the N ¼ 3 case, σ
runs over three molecular spin states. Here, μ ¼ 0 corre-
sponds to half filling (nσ ¼ 1=2).
To study this model at finite temperature, we use a DQMC

method [47,48] formulated for the attractive SUðNÞ FHM as
detailed in Supplemental Material [49], Sec. I. We compute
finite temperature expectation values such as hniσi, hniσnjτi,
and hniσniτniνi for molecular spin states σ, τ, ν and site
indices i, j on square lattices with side length L over a range
ofU=t, μ=t, andT=t, whereT is the temperature andwe have
set kB ¼ 1. Quantities that require differentiation with
respect to μ or T were calculated by comparing neighboring
data points. All data shown are forL ¼ 10 unless specified to
be a finite-size extrapolation. The DQMC algorithm works

by discretizing the inverse temperature into M imaginary
time steps, where 1=T ¼ MΔτ. The details of the differ-
entiation process, finite-size extrapolation, a comparison of
error sources, and plots with representative density data are
given in Supplemental Material [49], Secs. IV–VI and VIII,
respectively.
We used 10,000 DQMCmeasurement sweeps for the data

in Fig. 1 and 200,000 measurement sweeps for the data in
Fig. 2. In each of the above cases, M ¼ 96. For the data in
Fig. 3, we used 200,000 measurement sweeps and variedM
such that tΔτ ≤ 1=24. For each DQMC calculation, we used
5,000 warm-up sweeps before beginning measurements.
Results—The main results of this Letter are shown in

Fig. 1. At T ¼ t=3, we observe three distinct regions in the
ðU; μÞ plane: a three-component Fermi liquid (FL) region, a
trion liquid (TL) region, and an ordered CDW phase. In
order to distinguish these phases and study the transitions
between them, we will first consider the trion formation
process. We measure the fraction of sites with each
occupation number, which are given by

nð1Þ ¼ 1

2L2

X
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i

niσð1 − niτÞð1 − niνÞ; ð2Þ
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FIG. 1. Finite temperature phase diagram at T ¼ t=3 with
representative configurations for the three zero-temperature
phases: the Fermi liquid of individual molecules (FL), trion
Fermi liquid of bound triples of molecules (TL), and charge
density wave (CDW) phase. The inset shows a legend for the
structure factor, Scdw=L2, and difference susceptibility, χ. Dashed
lines indicate the cuts taken in Fig. 2. The green dot shows the
ðU; μÞ point where the data in Fig. 3 were taken. The green
contour line is a guide for the eye while the blue squares mark the
critical values as indicated by the invariant correlation ratio.
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where ððσ; τ; νÞÞ indexes the permutations of the three-
element set of molecular spin states.
In the large-U limit, we expect to be in the TL region,

where trions have formed and move coherently. We use the
difference susceptibility

χ ¼
�
∂hndi
∂μ

�

T;L
; ð5Þ

where nd ¼ nð2Þ − nð1Þ, to detect this trion formation. Our
choice of this parameter requires some explanation. In the
large-U limit, trions are superpositions of the on site trion
state—where molecules in each of the three spin states
occupy a single site—and off site trion states—where one
of the molecules in the trion occupies an adjacent
site [30,38]. This virtual dissociation process persists even
to zero temperature (as long as t=U > 0) and causes an
effective repulsion between trions since the process is
suppressed when trions are on adjacent sites. So, instead
of using hnð3Þi directly to indicate composite particles, we
consider hndi ¼ hnð2Þ − nð1Þi, which is the population
difference between doubly and singly occupied sites.
This quantity will approach zero in the TL and CDW
regions since the only population of doubly and singly
occupied sites is that which is part of an off site trion.
However, at half filling, hndi ¼ 0 due to the particle-hole
symmetry, not the presence of trions. So, we use χ as our
indicator since it is also zero in the TL and CDW regions

while attaining a finite value throughout the FL region,
even at half filling. A more detailed discussion of χ and a
comparison with alternate trion detection methods [30,56]
may be found in Supplemental Material [49], Sec. VII.
As shown in Figs. 1 and 2, χ attains a finite value whenU

is small but approaches zero as U increases, across a wide
range of chemical potential values. This is consistent with
our understanding of the TL region, as we expect trions to
form at any finite density. As the temperature is lowered,
the crossover becomes sharper, seeming to evolve into a
QPT as T → 0.
To understand the regions on each side of this transition,

we consider the isothermal compressibility,

κ ¼ 1

hni2
�
∂hni
∂μ

�

T;L
: ð6Þ

As shown in Fig. 2, away from half filling, e.g., for
μ ¼ −0.5t, κ monotonically increases with U. In the
large-U regime, we expect our system to behave as a weakly
interacting TL with an effective repulsion caused by the
virtual dissociation process, which goes as t2=U [57]. So, the
numerical results qualitatively agree with this picture.
To better understand this behavior, we can compare κ to

three limiting cases: a Hartree approximation for the
weakly interacting Fermi liquid, which should be exact
whenU=t ¼ 0, a classical ideal gas of trions, which is valid
for strong U and temperatures well above t, and the single-
site atomic limit, which should be valid for strong U ≫ t
(see Supplemental Material [49], Secs. II. A, II. B, and
II. C). We see that the Hartree approximation in Fig. 2
matches our data very well and that, while the classical ideal
gas approximation is not perfect, it also qualitatively agrees
with κ in the dilute case. In particular, our data are much
closer to the classical ideal gas of trions approximation than
the single-site atomic limit, which is shown for T ¼ t=2 in
Fig. 2. This provides evidence that the main contribution to
the compressibility of the system is the motion of the trions,
not the compressibility of the on site trions themselves.
At half filling (μ=t ¼ 0) and intermediate U=t, there is a

drastic dip in κ, which seems to coincide with the trion
formation QPT as indicated by χ. While this sort of
compressibility minimum may be related to trion formation
in similar models [58,59], the absence of this minimum
away from half filling leads us to suspect that some other
physics is relevant. At half filling, an obvious candidate
would be CDW ordering caused by the effective repulsion
from the virtual dissociation process. This should occur in
some intermediate range of U=t since U=t must be large
enough for trions to form, but the effective repulsion must
also be strong enough to cause ordering. This density
ordering can be detected using the structure factor,

SðqÞ ¼ 1

L2

X

i;j;σ;τ

e−iqðri−rjÞhniσnjτi: ð7Þ

FIG. 2. Difference susceptibility, isothermal compressibility, and
structure factor (finite-size extrapolation) as a function of U=t for
three temperatures. Left: μ ¼ 0. Right: μ ¼ −0.5t. The dashed lines
for large U in the κ plot indicate the classical ideal trion gas
approximation, the dash-dotted lines on the low-U side show the
weakly interacting mean field approximation, and the solid line
shows the atomic limit κ at T ¼ t=2. Error bars in the κ and χ plots
show statistical error, while error bars in the Scdw plot show the
difference between the finite-size extrapolation and theL ¼ 10 data.
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We expect a two sublattice “checkerboard” order, so
we measure the q ¼ Q≡ ðπ; πÞ CDW structure factor,
Scdw ¼ SðQÞ, to use as an order parameter.
As shown Fig. 1, this ordering indeed appears in a region

(blue) near half filling and at intermediate values of U. On
the low-U side, trions are not able to form, so we do not
expect ordering. On the other hand, as U increases, the
virtual dissociation becomes too weak to cause the order-
ing. So the dip in κ near half filling occurs because the
formation of the CDW order is inhibiting the density
response. From the constant μ cuts shown in Fig. 2, we
can see that this ordering only appears sufficiently close to
half filling and at sufficiently low temperatures (it is absent
for μ ≤ −0.5t or T ≥ t=2).
Based on the sharp behavior ofScdw near the transition, we

conclude that this CDW region is bounded by a finite-
temperature phase transition. To obtain this sharp behavior,
we use a finite-size extrapolation from Scdw=L2 measured on
different lattice sizes (see Supplemental Material [49],
Sec.V).We also use the invariant correlation ratio to pinpoint
this transition more precisely (details in Refs. [60,61] and
Supplemental Material [49], Sec. III). This method identifies
a transition at both high and lowU at half filling along with a
critical μ=t value forU ¼ 3.5t. This finite temperature phase
transition contrasts with theN ¼ 2 case, where this ordering
only appears in the ground state at half filling and is not stable
to finite T [62–64]. This is because the particle-hole
symmetry is part of a continuous SU(2) symmetry in the
N ¼ 2 case, so the Mermin-Wagner theorem forbids finite-
temperature ordering in two dimensions [65]. However, in
theN ¼ 3 case at half filling, the particle-hole symmetry is a
discrete Z2 symmetry, so the finite temperature ordering is
allowed. Further details of this argument are presented in
Supplemental Material [49], Sec. IX.
In order to further study the onset of CDW order and

calculate a critical temperature Tc, we computed χ and Scdw
along with the kinetic and potential energy components of
the heat capacity [66],

cO ¼ 1

L2

�
∂O
∂T

�

μ;L
; ð8Þ

where O is K, V, or K þ V. The results of these calcu-
lations at U ¼ 3.5t; μ ¼ 0 are shown in Fig. 3.
Here, the total heat capacity shows two peaks—a narrow,

tall peak that is almost entirely caused by the kinetic energy
and a broader, shorter peak that has contributions from both
components. The sharp kinetic energy peak coincides with
the onset of CDWorder, as shown by the behavior of Scdw,
and the critical temperature calculated by the invariant
correlation ratio method. The behavior of χðTÞ near this
transition temperature also shows that the trions form at
similar temperatures to the CDW ordering, suggesting that
the virtual dissociation process plays a role in stabilizing
the trions near half-filling.

Discussion and conclusion—We have calculated proper-
ties of the SU(3) attractive FHM on a two-dimensional square
lattice using the DQMC method. We observed a finite-
temperature CDW phase, as well as a FL-TL crossover at
finite temperature, which sharpens to a QPT at zero temper-
ature. These finite temperature results on a square lattice
complement previous mean field [4,5], dynamical mean field
theory [29,39,57], and self-energy functional [67,68] studies
alongwithquantumMonteCarlo results on a two-dimensional
honeycomb lattice, restricted to half filling [30,69,70].
TheQPTindicated by theFL-TLcrossover occurs across a

wide range ofμ away fromhalf-filling and appears to occur at
a finite Uc > 0. This description is qualitatively similar to
what we expect from the CSF to trion QPT for this model in
higher dimensions, which has a critical Uc > 0 [29,39].
On the other hand, Uc ¼ 0 for this model in one
dimension [31–33], where CSF order only appears in the
ground state in the presence of SU(3)-breaking interaction
terms [71]. So,whetherUc > 0 in two dimensions is an open
question.Webelieve signatures of potential CSForderwould
be detectable in finite-T DQMC calculations. For a useful
comparison, we consider the attractive SU(2) FHM on a
square lattice. While quasi-long-range superconducting
order has been seen at finite temperature in the attractive
SU(2) FHM on a two-dimensional square lattice [63,64] and

FIG. 3. Heat capacity, difference susceptibility, and structure
factor (finite-size extrapolation) as a function of T=t at U ¼ 3.5,
μ ¼ 0. The red dashed lines show the phase transition temper-
ature Tc ¼ 0.38t as determined by the invariant correlation ratio
method. Error bars in the c and χ plots and L ¼ 4, 6, 8, 10
Scdw=L2 data show statistical error, while error bars for the
L → ∞Scdw plot show the difference between the finite-size
extrapolation and L ¼ 10 data.
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bilayer square lattice [72,73], it is separated from the normal
phase by a Kosterlitz-Thouless transition [74]. If a similar
situation occurs for the attractive SU(3) case, wemay be able
to detect CSF order off half filling (where the transition
temperaturemaybe finite [62]) and compare this transition to
the FL-TL crossover [67,68]).
Our results also complement previous results predicting

the existence of CDWorder atT ¼ 0 [4,57]. As noted before,
in the SU(2) case this phase is not stable at finite temper-
atures. So, our observation of both FL-CDW and TL-CDW
finite-temperature phase transitions suggests that this CDW
phase is stable at finite temperature and opens up a number of
questions around how this phase interacts with the trion
formation crossover. Further studies into differences between
the FL-CDWand TL-CDW transitions may lead to insights
into the underlying physics, similarly to the different
mechanisms that drive antiferromagnetism in the repulsive
SU(2) FHM [75–79]. It is also not clear fromour results what
range the CDW order occupies in the ground state phase
diagram. One-loop RGmethods predict that the ground state
has long-range CDWorder even for infinitesimal values ofU
in two dimensions [4], so we might expect CDWorder at all
values ofU at a low enough temperature and half filling. In all
of these questions—whether the CSF phase exists in two
dimensions, whether Uc > 0 for the FL-TL QPT, and what
behavior of Uc is for the CDW transition near T ¼ 0—
DQMCcalculations performed at lower temperatures will be
valuable for making progress.
Finally, we consider the experimental viability of observ-

ing these phases in an ultracold molecule optical lattice
experiment. The double microwave shielding technique
[80], which was used to suppress loss processes in the first
dipolar BEC [43], is believed to eliminate three-body loss
in the form of three-body recombination processes so that
only the two-body loss rate is relevant. Considering only
two-body loss processes and working in a strong optical
lattice limit—where we use the ground state simple
harmonic oscillator as our Wannier function—we compute
that for NaCs with s-wave scattering length as ≈ 103a0,
where a0 is the Bohr radius, and two-body loss coefficient
L2B≈3×10−13 cm3=s (as reported in [43]), ℏ=Uτloss ≈ 103.
The loss timescale is much longer than the timescale of the
dynamics of our attractive SU(3) FHM, implying double
microwave shielding will suppress loss rates enough to
reasonably simulate the attractive SU(3) FHM.
To measure signatures of the various phases discussed in

this Letter, we propose using quantum gas microscopy
(QGM). QGM measures site-resolved snapshots of mol-
ecule locations, allowing for experimental access to
hnð1Þi; hnð2Þi; hnð3Þi and Scdw=L2. These measurements
can be directly compared to DQMC results for thermom-
etry and consistency checks [81–83]. This technique has
already been used to study the dynamics of interacting
dipolar systems using ultracold molecules in an optical
lattice [84]. So, the recent development of microwave

shielding for dipolar molecules should allow for flexible
quantum simulation of a class of SUðNÞ lattice models
previously not experimentally accessible. Continued theo-
retical investigation along with further experimental devel-
opments may yield exotic new phases and understanding of
composite particles in many-body systems.
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I. DQMC METHOD

We can write the Hamiltonian for the attractive SU(N)
Fermi-Hubbard model (FHM) as H = Q+ V , where

Q = −t
∑

σ,⟨i,j⟩

[
c†iσcjσ + h.c.

]
− µ

∑
σ,i

niσ, (S1)

V = −U

2

∑
i

(∑
σ

niσ − N

2

)2

. (S2)

Here, i is the site index and σ is the molecular spin index.
Then, the Determinant Quantum Monte Carlo (DQMC)
we have developed for the attractive SU(N) FHM works
by first Trotterizing the partition function

Z = Tr e−βH = lim
∆τ→0

(
e−∆τQe−∆τV

)M
, (S3)

where β = 1
T , T is the temperature (we set Boltzmann’s

constant kB = 1 throughout), and M ≡ β/∆τ is the
number of Trotter steps. We estimate the error caused
by this Trotterization process and compare it to other
sources of uncertainty in Section VI.

To handle the interaction term, V , we employ the
Hubbard-Stratonovich transformation

e−∆τV =
∏
i

e∆τ U
2

∑
i(niσ−N

2 )
2

=
∏
i

(
1√
2π

∫ ∞

−∞
e−

1
2x

2
i−xi

√
∆τU(

∑
σ niσ−N

2 )dxi

)
,

(S4)

which decomposes the interaction term into a non-
interacting term at the cost of introducing a classical
field xi for each lattice site i. If we apply this Hubbard-
Stratonovich transformation to each e−∆τV term in
Eq. (S3), we obtain

Z =

(
1√
2π

)ML2 ∫ ∏
ℓ,i

dxi,ℓ Tr

[
M∏
ℓ=1

e−∆τQe−∆τṼℓ

]
,

(S5)
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where ℓ goes from 1 to M , Ṽℓ =
∑

i −
1
2x

2
iℓ −

xiℓ

√
∆τU

(
Σσniσ − N

2

)
, and the classical fields xiℓ have

gained an index to specify both their lattice site index,
i, and imaginary time step index, ℓ. Since Q and each
of the Ṽℓ’s are quadratic in fermion creation/annihilation
operators, we can treat the integrand as a non-interacting
system. If we calculate analytic results about this non-
interacting system and then use a Monte-Carlo process
to integrate over the xiℓ fields, we obtain results about
the attractive SU(N) FHM. As shown in Ref. [1], this
results in

Z =

(
1√
2π

)ML2 ∫ ∏
ℓ,i

dxi,ℓ detM({xiℓ})e−SB({xiℓ})

=

(
1√
2π

)ML2 ∫ ∏
ℓ,i

dxi,ℓ [detM
σ({xiℓ})]N e−SB({xiℓ}),

(S6)

where M({xiℓ}) is a NL2 × NL2 matrix and SB is a
leftover bosonic action. Since there are no molecule spin
state-changing interactions, M({xiℓ}) is block diagonal
in the molecular spin states, and each block is identical
due to the SU(N) symmetry. Therefore, we can simplify
the expression by defining Mσ({xiℓ}) as the L2×L2 ma-
trix that makes up each block. Our notation emphasizes
that each of these quantities depends on a specific con-
figuration of the Hubbard-Stratonovich fields, {xiℓ}.
During the Monte Carlo process, proposed changes

are accepted based on the ratio between integrands in
Eq. (S6). So the probability of accepting a change
{xiℓ} → {x′

iℓ} is given by

p ({xiℓ} → {x′
iℓ}) =

[detMσ({x′
iℓ})]N

[detMσ({xiℓ})]N
e−∆SB , (S7)

where ∆SB = SB({xiℓ}) − SB({x′
iℓ}). Our DQMC im-

plementation typically proposes changes which shift in-
dividual xiℓ variables by some amount one at a time. To
improve convergence rates and avoid local minima, we
also perform occasional “global moves” which propose
changing every xiℓ for a given i at once.
While this looks like a straightforward application of

Monte-Carlo integration, the matrix Mσ({xiℓ}) is not
necessarily positive-definite for every choice of {xiℓ},
which means p ({xiℓ} → {x′

iℓ}) is not always positive.
When this happens, |p({xiℓ} → {x′

iℓ})| can be used as the

mailto:jds28@rice.edu
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acceptance probability, and the standard DQMC mea-
surements can still be performed. However, if the posi-
tive and negative sign regions of configuration space have
comparable weight, the number of DQMC sweeps needed
to resolve observables to a given error grows exponen-
tially with decreasing error.

This exponential increase in required computational
resources is the so-called “fermion sign problem” [2–4].
Note that if N is even, [detMσ({xiℓ})]N > 0 for any
field configuration so our DQMC implementation is sign
problem free. Here, since N = 3, a sign problem can
occur. By defining

S =

{
1 if [detMσ({xiℓ})]N ≥ 0

−1 if [detMσ({xiℓ})]N < 0
(S8)

the measurement ⟨S⟩ (called the sign), can be used to
diagnose the severity of the sign problem. In a sign-
problem free model, ⟨S⟩ = 1 while in a model with a sign
problem, ⟨S⟩ → 0 as T → 0 or L → ∞.

Lattice T/t U/t µ/t ⟨S⟩
14× 14 1/3 7.25 0 0.9899 ± 0.0101
14× 14 1/3 7.75 0 0.9872 ± 0.0096
14× 14 1/3 8.5 0 0.9295 ± 0.0705
14× 14 1/3 8.75 0 0.8330 ± 0.1148

TABLE S1. The average sign, ⟨S⟩, for all data points where
⟨S⟩ < 0.99.

The largest source of numerical error for the calcula-
tions in this paper is generally finite-size errors (discussed
in Supplemental Sec. V), not the sign problem. A few
intermittent data points exhibited the beginning of a sign
problem, but we did not observe the exponential scaling
which would make calculations infeasible. In Table S1,
we present the data points exhibiting the most severe
sign problem out of all of our data. Outside of the points
in Table S1, ⟨S⟩ > 0.99 for all data points.

The temperatures considered in this work were cold
enough to observe the CDW phase and the trend χ → 0
in the bound trion regime. It is unclear if the sign prob-
lem would be an important limiting factor if we pushed
to colder temperatures to attempt to observe the onset
of CSF order.

II. COMPRESSIBILITY APPROXIMATIONS

This section develops approximations to understand
the small- and large-U limits of the compressibility.

A. Weakly-interacting mean field

We use a Hartree approximation to treat the attractive
SU(3) FHM in the weakly interacting limit (U ≪ t, µ).

First, we re-write our Hamiltonian in a more convenient
form:

H =
∑
σ

−t
∑
⟨i,j⟩

c†iσcjσ + h.c.

−
∑
i

(µ− U)niσ +
U

2

∑
τ ̸=σ

niσniτ

 . (S9)

We can then obtain our mean field Hamiltonian by ex-
panding the density operators around their average val-
ues and dropping second-order terms. So,

HMF =
∑
σ

−t
∑
⟨i,j⟩

c†iσcjσ + h.c. −
∑
i

(µ− U)niσ

− U

2

∑
τ ̸=σ

⟨niσ⟩niτ + ⟨niτ ⟩niσ − ⟨niσ⟩⟨niτ ⟩

 .

(S10)

Then, setting ⟨niσ⟩ = n̄ for each i and σ, we obtain
the non-interacting mean field Hamiltonian

HMF =
∑
k,σ

(εk − µ− U(2n̄− 1))nk,σ

=
∑
k,σ

(εk − z)nk,σ, (S11)

where k = (2πnx/L, 2πny/L) for integers nx, ny ∈ [0, L),
εk = −2t(cos(kx) + cos(ky)), and z = µ− U(2n̄− 1).
The Hartree approximation is computed by self-

consistently solving

n̄ =
1

L2

∑
k

1

1 + exp [β(εk − z)]
(S12)

for n̄. Then, the single-component isothermal compress-
ibility is

κ =
κ0(β, t, z, L)

1− 2Un̄2κ0(β, t, z, L)
, (S13)

where

κ0(β, t, z, L) =
β

n̄2L2

∑
k

1

2 + 2 cosh(β(εk − z))
(S14)

is the isothermal compressibility for a non-interacting sin-
gle fermion-species on an L× L square lattice.

B. Classical ideal gas of trions

Starting from

κ =
1

n2

(
∂n

∂µ

)
T,L

, (S15)
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we can use the Gibbs-Duhem relation to write that

κ = − 1

V

(
∂V

∂p

)
T,µ

. (S16)

Then, using the equation of state for a classical ideal
gas,

pV = NT, (S17)

we can compute

κ =
1

nT
, (S18)

where n = N
V is the density of particles we are consider-

ing.
For our classical ideal gas approximation, we assume

we are deep in the trion regime, so ntri =
1
3

∑
σ nσ. For

a useful comparison with our DQMC data, we calculate
our κ by using the density reported by our DQMC and
Eq. (S18).

C. Atomic limit

For the atomic limit calculation, we solve the one site
problem, which is a valid approximation in the U ≫ t
limit. For a single site, we have that

Z =

3∑
k=0

(
3

k

)
eβµk+

βU
2 ( 3

2−k)2 , (S19)

and

⟨nσ⟩ =
1

Z

3∑
k=1

(
2

k − 1

)
eβµk+

βU
2 ( 3

2−k)2 . (S20)

We also have that(
∂ ⟨nσ⟩
∂µ

)
T

=
β

Z

3∑
k=1

k

(
2

k − 1

)
eβµk+

βU
2 ( 3

2−k)2 , (S21)

which allows us to calculate κ. Since we apply this ap-
proximation in the limit where |βU | ≫ |βµ|, we can ob-
tain a useful limit by evaluating only k = 0, 3 terms in
each of these sums. This gives us

κ = 3β(1 + e−3βµ), (S22)

which, for µ < 0, increases exponentially with β.

III. THE INVARIANT CORRELATION RATIO

As one way to pinpoint the finite-temperature phase
transitions into the CDW phase, we introduce the invari-
ant correlation ratio,

Rcdw = 1− Scdw(Q+ δq)

Scdw(Q)
, (S23)

FIG. S1. The invariant correlation ratio for different lattice
sizes. The crossings in the U, µ, and T directions provide
evidence of the CDW phase transition and estimate the phase
boundary as a function of each variable. The L = 8 to L =
10 crossings are all indicated by dashed gray lines with the
critical values listed in each plot. Plots are all at µ = 0, U =
3.5t, T = t/3 unless otherwise specified by the axis label.

where Q+δq is a neighboring reciprocal lattice vector to
Q = (π, π). By finite-size scaling arguments, this quan-
tity will reach 1 in an ordered state, 0 in a disordered
state and achieves a lattice-size independent value at a
critical point [5, 6]. This allows us to identify the transi-
tion point near the resolution of our data points without
introducing an artificial cutoff value.
As shown in Fig. S1 crossing behavior occurs along

the boundary of the CDW phase in the U, µ and T di-
rections which gives further evidence of a well-defined
finite-temperature ordered phase. Here, the uncertainty
is reported using the distance between successive data
points.

IV. NUMERICAL DIFFERENTIATION

For the calculation of χ and κ, we needed to take a
derivative with respect to µ. For both of these quanti-
ties, we used a simple first-order formula using only one
additional DQMC run,

∂O
∂µ

≈ O(µ)−O(µ−∆µ)

∆µ
, (S24)

where O is the expectation value we are differentiating
and ∆µ = 0.05t.
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FIG. S2. The difference susceptibility χ, calculated as in
Eq. (S24) with different ∆µ for various temperatures at µ = 0,
U = 3.5t, and L = 10. The dashed lines indicate quadratic
fits to the first 4 data points

In Fig. S2, we show how χ depends on the choice of
∆µ and calculate an extrapolation for ∆µ → 0 at various
temperatures using a form

χ = a+ b(∆µ)2. (S25)

The difference between the ∆µ = 0.05t value and the
∆µ → 0 extrapolated value is shown in Table S3.
For heat capacity data, we chose points which were

equally spaced in β = 1/T . So, we differentiated using
the chain rule and a second-order derivative formula,

∂O
∂T

≈ 1

T 2

O(β −∆β)−O(β +∆β)

2∆β
, (S26)

where O is the T -dependent quantity we are differentiat-
ing and where t∆β = 0.125.
In both cases, the statistical uncertainty reported for

these quantities was calculated via error propagation of
Eq. (S24) and Eq. (S26).

V. FINITE-SIZE EXTRAPOLATION

Since the DQMC method calculates properties on a
finite-size lattice and we are interested in phase transi-
tions — which necessarily only occur in the infinite-size
limit — it is necessary to extrapolate the finite-size cases
to the infinite-size case.

We begin with a discussion of the finite-size extrapo-
lation for the difference susceptibility, χ. Since χ is the
derivative of a difference of densities, we expect χ to ap-
proach a constant as L → ∞. The simplest ansatz is

χ (L) = Aχ +
Bχ

L
, (S27)

where Aχ and Bχ parametrize the fit. Indeed, as shown
in Fig. S3 this form is a good fit. As U/t increases, Bχ →

FIG. S3. Top: The difference susceptibility, χ at T = t/3 and
µ = 0 for different lattice sizes. The finite-size extrapolation
(using Eq. (S27)) is shown in black. Bottom: The difference
susceptibility χ as a function of 1/L. The dashed lines show
the fits for various values of U/t.

0, so while χ is affected by finite-size effects at low U/t,
the qualitative picture of a sharpening crossover is not
affected. This finite-size analysis also provides support
for our choice to report only the L = 10 data in the main
text.
While the finite-size extrapolation was straightforward

for χ, the CDW order parameter, Scdw/L
2, presents

a more complicated case. Near the CDW transition,
Scdw/L

2 has a clear system-size dependence, so to ex-
trapolate to the infinite-size case, we fit to the functional
form

1

L

√
Scdw (L) = A+

B

L
+

C

L2
. (S28)

This form has been used to analyze a corresponding
CDW QPT for attractive, SU(3) fermions on a two-
dimensional honeycomb lattice [7].
On the other hand the functional form,

1

L2
Scdw (L) = D +

E

L2
, (S29)

has also been used for a CDW transition on a honeycomb
lattice and is motivated by spin wave theory [8, 9].
We compare these two functional forms in Fig. S4.

The finite-size extrapolations are all based on the data



5

FIG. S4. Top: The CDW structure factor at T = t/3 and
µ = 0 for different lattice sizes. The finite-size extrapolations
of the L = 4, 6, 8, 10 points using Eq. (S28) and Eq. (S29)
are shown in gray and black respectively. The red dashed
line shows a finite-size extrapolation using Eq. (S28) which
includes the L = 12, 14 data points for comparison

Bottom: The CDW structure factor as a function of 1/L
along with the fits for various ranges of U/t.

up to size L = 10, where we have excluded the L = 4
data points from the extrapolations based on the form
in Eq. (S29). For a consistency check, we have included
data points for L = 12, 14 for T = t/3 and displayed
those data points on top of the finite-size extrapolations
based on the L ≤ 10 data. While the form in Eq. (S29)
seems smoother and closer to the L = 10 data point, we
can see that the form in Eq. (S28) resolves sharp behav-
ior at both low- and high-U/t. The form in Eq. (S28)
also gives a high-U/t transition out of the CDW phase
which agrees more closely with the Uc/t predicted by the
invariant ratio analysis. We also note that the L = 12
and L = 14 data points are reasonably consistent with
the Eq. (S28) fit, even in the region around U ≃ 5.5t
which has the most prominent finite-size effects. Addi-
tionally, including the L = 12, 14 data points only causes
small changes to the finite-size extrapolation with the
form in Eq. (S28). Thus, we used the functional form in
Eq. (S28) and the L = 4, 6, 8, 10 data for the curve shown
in Fig. 2 of the main text. The error bars in Fig. 2 are
determined by the difference between the L = 10 data
and the L → ∞ extrapolation.

FIG. S5. The CDW structure factor at U = 3.5t, µ = 0, T =
t/4 as a function of (t∆τ)2. The dashed lines show a linear
fit in (t∆τ)2.

VI. SOURCES OF UNCERTAINTY

The DQMC algorithm depends on a Trotter decom-
position of the Hamiltonian as shown in Eq. (S3). In
Fig. S5, we compute the CDW structure factor for a range
of t∆τ at a specific point in the CDW phase using the
same number of DQMC sweeps as in other results. The
smallest value of t∆τ in this chart is t∆τ = 1/24 and we
can see that our results are well-converged at this value.
It is also clear on this graph that we are able to resolve
finite-size effects and observe that the Trotter error is
of a similar magnitude to the DQMC statistical error.
Additionally, we fit this data to a quadratic function in
t∆τ and compute the relative error between our mea-
sured data point and the t∆τ → 0 extrapolation. For
each size, this relative error is less than 1%.

L = 4 L = 6 L = 8 L = 10
Trotter (×10−3) 3.659 3.266 4.759 3.740

Finite-Size (×10−3) — 19.623 4.751 3.144
Statistical (×10−3) 1.035 1.190 0.993 1.211

TABLE S2. Relative error of Scdw/L
2, the CDW structure

factor, caused by Trotter error, finite-size effects, and statis-
tical error at U = 3.5t, µ = 0, T = t/4 for each lattice size.

In Table S2, we compare the relative error from each
source at the U = 3.5t, µ = 0, T = t/4 point for the
different lattice sizes. The Trotter error is given by the
difference between the last data point (t∆τ = 1/24) and
the t∆τ → 0 extrapolated value. The finite-size error is
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computed by the difference between the value for each
lattice size and the value on the lattice one size smaller
on the list. The statistical error is given by the stan-
dard deviation of the value as recorded by the DQMC
algorithm. From these results, we see that these differ-
ent sources of error are of a similar magnitude, with the
statistical error generally being the smallest.

T = t/2 T = t/3 T = t/4
Numerical Differentiation (×10−3) 0.049 1.462 0.542

Finite-Size (×10−3) 0.200 1.000 0.080
Statistical (×10−3) 1.304 0.484 0.255

TABLE S3. Absolute error on χ, the difference susceptibil-
ity, caused by the numerical differentiation, finite-size effects,
and statistical error at U = 3.5t, µ = 0, L = 10 for each tem-
perature.

Similarly, we calculate the absolute error from the nu-
merical differentiation process (as explained in SM Sec.
IV), finite-size effects and the statistical error for χ at
U = 3.5t, µ = 0, and L = 10. As before, the finite-size
error is given by the difference between the L = 10 and
L = 8 data points, and statistical error is given by the
standard deviation of the observable as reported by our
DQMC algorithm. These results are shown in Table S3.
For the lower temperatures, the largest source of error is
typically from the numerical differentiation.

VII. DIFFERENCE SUSCEPTIBILITY

There is no standard numerically accessible method to
detect the formation of bound states in previous work
on three-component fermions. The trion density n(3) is
in part related to trion formation [7], however, the trion
density can be non-zero even without bound trions, sim-
ply due to three particles occupying the same site. Ad-

ditionally, even if a trion is centered at a site i, n
(3)
i need

not be equal to 1, because fluctuations (thermal or quan-
tum when t/U ̸= ∞) cause the trion to have some finite
extent. Instead, we note that for large U/t the lead-
ing fluctuations of the trion are to adjacent dimers and
singly-occupied sites, so that in a dilute gas of trions
nd = n(2)−n(1) will vanish, in contrast to a gas or liquid
of individual particles. The reason we take the deriva-
tive of nd with respect to µ is because nd can vanish for
another reason – particle-hole symmetry – but χ will re-
main finite. With this motivation, the numerics indeed
reveal a rather sharp feature in χ at low-temperature,
consistent with the idea of a trion-singlon crossover.

Ref. [10] notes a method of detecting trion formation
using the persistent current around a ring. This method
seems promising, but it requires adding magnetic flux
terms to our Hamiltonian. Along with increasing the
number of DQMC runs needed, this term may also con-
tribute to the sign problem.

In Fig. S6 we present the difference susceptibility along

FIG. S6. The difference susceptibility, χ, fraction of triply-
occupied sites, n(3) and derivatives of n(1) and n(2) with re-
spect to µ as functions of U/t at two different µ/t values. We
set T = t/3 and L = 10 for this data. Error bars are smaller
than the data markers.

with the density of triply-occupied sites, n(3) and the
derivatives of n(1) and n(2) with respect to µ/t. In the
upper panel, it is clear that χ indicates a sharp crossover

region that is not visible in n(3). The quantities ∂⟨n(1)⟩
∂µ

and ∂⟨n(2)⟩
∂µ also display similar behavior to χ at half-

filling. We also observe that in the more dilute regime,
χ continues to quickly approach zero at large U/t, while
∂⟨n(1)⟩

∂µ , ∂⟨n(2)⟩
∂µ , and n(3) approach zero much more slowly.

This evidence, along with the physical intuition for why
χ → 0 as virtual dissociation becomes relevant gives a
justification for using χ as our trion-formation indicator.
While the difference susceptibility indicates trion for-

mation in this work, there are also limitations to our ap-
proach. In particular, since the difference susceptibility
depends on reasoning about perturbing around specific
eigenstates, it cannot detect the formation of trions in
a thermal mixture with unbound fermions. Further de-
velopment in detecting bound states using data available
to DQMC calculations or experimental setups may be
needed to better understand trion formation at higher
temperatures.

VIII. ON-SITE DENSITY

The DQMC method works in the grand canoni-
cal ensemble, which means the total density, ⟨n⟩ =
1
L2

∑
i,σ⟨niσ⟩, changes with parameters in the Hamilto-
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FIG. S7. The top plot shows the total density, ⟨n⟩, for
L = 10 and T = t/3 along with contour lines to guide the

eye. The lower plots shows ⟨n⟩ along with ⟨n(1)⟩, ⟨n(2)⟩, and
⟨n(3)⟩ cuts at µ = −0.05t, µ = −0.5t, and U/t = 3.5t again at
L = 10 and T = t/3. Error bars are shown but often smaller
than data points.

nian. In Fig. S7, we plot the total density at some rep-
resentative data points. In the T = t/3 cut shown, the
density ranges from ⟨n⟩ = 1.5 (half-filling) to ⟨n⟩ ≈ 0.1
in the top right corner.

We have written our Hamiltonian in a form where
µ/t = 0 corresponds to n = 3/2 (half-filling). That is,
when µ/t = 0 the Hamiltonian H = Q + V is invariant
under the transformation{

ciσ → (−1)ic†iσ
c†iσ → (−1)iciσ,

(S30)

where the site index i is even on one sublattice and
odd on the other. This is the particle-hole symmetry
of the SU(N) Fermi-Hubbard model, and persists for
any value of N and for both the attractive and repul-
sive cases. If µ ̸= 0, this transformation flips the sign of
µ, which means observables at a given µ/t are equal to
their particle-hole transformed values at −µ/t.
For the general SU(N) case, the transformation

µ → µ+
U(N − 1)

2
(S31)

changes the on-site interaction into −U
∑

i,σ<τ niσniτ ,

which is another common form for the interaction (espe-
cially for the SU(2) case) which makes the density-density
nature of the interaction more apparent.

IX. THE MERMIN-WAGNER THEOREM AND
SU(N) CDW ORDER

According to the Mermin-Wagner theorem [11], a con-
tinuous symmetry is not broken at finite temperature in
one or two dimensions. This theorem prevents a finite-
temperature CDW phase in the N = 2 attractive FHM,
owing to a continuous generalization of particle-hole sym-
metry that relates CDW order to s-wave superconductiv-
ity, but does not prevent a phase transition at finite tem-
perature for N > 2. Here, we will derive the continuous
symmetry which prevents the finite-temperature CDW
phase in the N = 2 case and show that it is reduced to a
discrete symmetry for N > 2.
N = 2 case: First, we introduce the operator

η− =
∑
r

e−iQ·rcr↑cr↓ =
∑
k

ck↑cQ−k↓, (S32)

(whereQ = (π, π)), its Hermitian conjugate, η+ = (η−)†,
and

ηz ≡ 1

2
[η+, η−] =

1

2

∑
i,σ

niσ − L2

 , (S33)

where the σ index runs over {↑, ↓}. After verifying the
commutation relations

[ηz, η±] = ±η± (S34)

we see that

ηx =
1

2

(
η+ + η−

)
(S35)

ηy =
i

2

(
η− − η+

)
(S36)

along with ηz are the generators of an su(2) algebra.
Furthermore, we can show that

[H, η±] = ∓2µη± (S37)

[H, ηz] = 0. (S38)

Therefore, when µ = 0 (half-filling), these operators all
commute with H and there is an SU(2) symmetry of H
generated by ηx, ηy, ηz. Note that the typical form of
these commutators found in the literature can be recov-
ered under the transformation in Eq. (S31).
The particle-hole symmetry can be expressed using

these generators. In particular, exp(−iπηy) is the trans-
formation, 

ci↑ → (−1)ic†i↓
ci↓ → (−1)ic†i↑
c†i↑ → (−1)ici↓

c†i↓ → (−1)ici↑

, (S39)
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which can be combined with a transformation which
swaps ↑ and ↓ to recover the N = 2 particle-hole sym-
metry shown in Eq. (S30). So, since the particle-hole
symmetry of the N = 2 Fermi-Hubbard model is an
element of a continuous symmetry group, and since a
CDW phase transition breaks particle-hole symmetry,
the Mermin-Wagner theorem prohibits the CDW phase
transition from occurring at finite temperature.

N > 2 case: In this work, we have observed a finite-
temperature CDW phase transition for N = 3, even
though the N = 3 FHM still possesses a particle-hole
symmetry. This is because, for N > 2, the particle-hole
symmetry is not a member of a continuous symmetry
group. To demonstrate why the above argument for a
continuous SU(2) symmetry in the N = 2 case does not
generalize for N > 2, we will first give more detail on
why, for N = 2, [V, η+] = 0, where H = Q+V as defined
in Eq. (S2).

Following an argument from Ref. [12], we notice that
V is diagonal in the basis of position-indexed Fock states.
So, for arbitrary Fock states |n⟩ and |n′⟩, the associated
matrix element of the commutator can be written as

⟨n|[V, η+]|n′⟩ = ⟨n|V η+ − η+V |n′⟩
= ( ⟨n|V |n⟩ − ⟨n′|V |n′⟩) ⟨n|η+|n′⟩
= Cnn′ ⟨n|η+|n′⟩ (S40)

For some coefficient Cnn′ which depends on states |n⟩ and

|n′⟩. It is clear that a matrix element of this commutator
is non-zero only if the corresponding matrix element of

η+ is non-zero. This is only true when |n⟩ = c†iσc
†
iτ |n′⟩

for some site i and σ ̸= τ . This means that, for N = 2,
σ ∈ {↑, ↓},

Cnn′ = ⟨n|V |n⟩ − ⟨n′|V |n′⟩

= −U

2

 ⟨n|

(∑
σ

niσ − N

2

)2

|n⟩

− ⟨n′|

(∑
σ

niσ − N

2

)2

|n′⟩

 ,

= −U

2

(
(2− 1)

2 − (0− 1)
2
)

= 0, (S41)

which is independent of |n⟩ , |n′⟩. However, if N > 2,
Cnn′ can attain a non-zero value which depends on
|n⟩ , |n′⟩. In this case, η+ does not commute with H
at half-filling, which means η± and ηz no longer gener-
ate a continuous SU(2) symmetry. So, even though the
Mermin-Wagner theorem states that a continuous sym-
metry cannot be spontaneously broken at finite temper-
ature, a finite-temperature CDW phase transition is al-
lowed for N > 2 but forbidden for N = 2.
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